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THE HAUSDORFF DIMENSION OF 
THE GRAPH OF OPERATOR SCALING STABLE RANDOM 

SHEETS 

ERCAN SONMEZ 

Abstract. We consider operator scaling a-stable random sheets, which were intro¬ 
duced in m- The idea behind such fields is to combine the properties of operator 
scaling a-stable random fields introduced in and fractional Brownian sheets in¬ 
troduced in M- Based on the results derived in HU, we determine the box-counting 
dimension and the Hausdorff dimension of the graph of a trajectory of such fields 
over a non-degenerate cube / C 


1. Introduction 

In this paper, we consider a harmonizable operator scaling a-stable random sheet as 
introduced in m The main idea is to combine the properties of operator scaling a- 
stable random helds and fractional Brownian sheets in order to obtain a more general 
class of random helds. Let us recall that a scalar valued random held {A(a:) : x G 
is said to be operator scaling for some matrix E G and some H > 0 if 

(1.1) {X{c^x) : X G M^} =■ {c^X{x) : x G M'^} for all c > 0, 

where ^=' means equality of all hnite-dimensional marginal distributions and, as usual, 
= Y1T=o is the matrix exponential. These helds can be regarded as an 

anisotropic generalization of self-similar random helds (see, e.g., i). whereas the 
fractional Brownian sheet ■ x G with Hurst indices Hi,..., Hd > 0 

can be seen as an anisotropic generalization of the well-known fractional Brownian 
held (see, e.g., ca) and satishes the scaling property 
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{Bh, ... .,CjXj) : X = (xi,... ,ij) e R''} 

= .„,(x):xeR-'} 

for all constants Ci,... ,Cd > 0. See Him [25] and the references therein for more 
information on the fractional Brownian sheet. 

Thronghont this paper, let d = for some m G N and Ej G j = 

1,... ,m be matrices with positive real parts of its eigenvalues. We dehne matrices 
El, ..., Em G as 

/ 0 0 \ 


E,= 


El 


0 


VO oy 

Further, we dehne the block diagonal matrix E G as 

El 0 


i=i 


0 


Er, 


In analogy to [T^ Dehnition 1.1.1], a random held {W(a;) : x G M'^} is called operator 
scaling stable random sheet if for some Hi,..., Hm > 0 we have 

(1.2) {X{c^^x) : X G M'^} =' {c^^X{x) : x G 


for all c > 0 and j = 1,... ,m. Note that, by applying fll.2p iteratively, any operator 
scaling stable random sheet is also operator scaling for the matrix E and the exponent 
H = sense of fll.ip . Further, note that this dehnition is indeed 

a generalization of operator scaling random helds, since for m = l,d = di and 
E = El = El fll.2p coincides with the dehnition introduced in |H]. The existence of a 
random held satisfying fll.2p is guaranteed, since, taking Ej = dj = lioi j = 1,..., m, 
an example is given by the fractional Brownian sheet. Operator scaling stable random 
sheets have been proven to be quite hexible in modeling physical phenomena and can 
be applied in order to extend the well-known Cahn-Hilliard phase-held model. See 
[2] and the references therein for more information. 
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Random fields satisfying a scaling property snch as (HHi or (II.2^ are very popular 
in modeling, see [161EO] and the references in [7] for some applications. Most of these 
helds are Gaussian. However, Gaussian helds are not always flexible for example in 
modeling heavy tail phenomena. For this purpose, a-stable random helds have been 
introduced. See [I9] for a good introduction to a-stable random helds. 

Using a moving average and a harmonizable representation, the authors in [6] de- 
hned and analyzed two diherent classes of symmetric a-stable random helds satisfying 
(11.11) . In the Gaussian case a = 2 results about certain Holder conditions and the 
Hausdorh dimension have been obtained. Similar results in the stable case a G (0, 2) 
have been derived in [7] for the harmonizable representation. Following the outline 
in PE!, this two classes were generalized to random helds satisfying (II.2p in [12] . 
Similar results about Holder conditions have been obtained. The helds constructed 
in P have stationary increments, i.e. they satisfy 

{X(x + h)- X{h) :xeM.^} =■ {X{x) : x G M'^} for all h G M'^. 

This property has been proven to be quite useful in studying the sample path prop¬ 
erties. However, the property of stationary increments is no more true for the helds 
constructed in na. The absence of this property seems to be one of the main diffi¬ 
culties in determining results about the Hausdorh dimension. 

Another main tool in studying sample paths of operator scaling stable random 
sheets are polar coordinates with respect to the matrices Ej,j = 1,..., m introduced 
in na and used in p[7|. If {^(x) : x G is an operator scaling symmetric a-stable 
random sheet with a = 2, using fll.2p one can write the variance of X(x), x G M'^, as 

E[X2(x)]=rs^.(x)2ffiE[x2(^(x))], 

where (x) is the radial part of x with respect to Ej and Iej{,x) is its polar part. 
Therefore, in the Gaussian case information about the behavior of the polar coordi¬ 
nates {TEj{x),lEj{x)) contains information about the sample path regularity. This 
property also holds in the stable case a G (0, 2). 

This paper is organized as follows. In Section 2, we introduce the main tools we 
need for the study in this paper. Since our main focus will be on Hausdorh dimension 
and box-counting dimension, we recall their dehnition and some related results in 
Section 2.1. Section 2.2 is devoted to a spectral decomposition result from ra and 
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Section 2.3 is about the change to polar coordinates with respect to scaling matrices. 
In Section 3, we present the results derived in [12] on harmonizable and moving 
average representations of operator scaling a-stable random sheets. Here, we will 
only focus on a harmonizable representation. Based on this results and taking into 
account methods used in [S1EIEIE2], in Section 4 we present our main results on 
the Hausdorff dimension and box-counting dimension of the graph of harmonizable 
operator scaling stable random sheets. 


2. Preliminaries 


2.1. Hausdorff dimension and box-counting dimension. Let B and s > 

0. The s-dimensional Hausdorff measure of B is dehned by 

{ OO OO 

Bc\jBk, \Bk\<e 

k=i k=i 

One can easily show that B^^B) < oo implies B^^B) = 0 for all f > s (see m 
Chapter 2.2]). Thus, there exists a critical value, denoted by dim^ B, such that 

dim-^ B = inf{s > 0 : B^{B) = 0} = sup{s > 0 : B^{B) = cxo}. 



dim^ B is called the Hausdorff dimension of B. Now, in addition assume that B is 
non-empty and bounded. For e > 0, let 


k 

M{B, e) = min{fc G N : H C B^ixi)} 

i=l 

be the smallest number of balls of diameter at most e which can cover B. The lower 


and upper box-counting dimensions of B respectively are dehned as 


dim^H 


dim^H 


lim inf 
lim sup 

e4,0 


logM(H, e) 
-\oge 
log M{B, e) 
-log 5 


If these are equal we refer to the common value as the box-counting dimension of B, 
denoted by dim^ B, i.e. 

dime B = lim 

£40 — log e 

See [ini Chapter 3.1] for equivalent dehnitions of dimeH. 
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In order to determine the Hausdorff dimension of B, one usually gives an upper 
bound and a lower bound for dim^ B. The following result will be useful for us in 
order to hnd an upper bound for dim^ B. See [TOl Corollary 11.2]. 


Lemma 2.1. Let / : i-A M and denote by G*/ ([0,1]'^) = {(x, /(x)) : x G [0, l]'^} C 

the graph of f over the unit cube. Suppose that f satisfies a uniform Holder 
condition of order s for some s G (0,1], i.e. there exists a constant C > 0 such that 

\f{t)-f{u)\ <C||f-u||" 

for all t,u E [0,1]'^. Then we have 

dim^ G^/([0, l]'^) < dimeG/([0,1]'^) < d + 1 — s. 


Now let 5 C R"^ be a Borel set and let M.^{B^B{B)) be the set of probability 
measures on B. For s > 0 the s-energy of /i G B{B)') is defined by 

j ^ f f T{dx)n{dy) 



IBJB ll^~2/||' 


In order to hnd a lower bound for dim^ S, by Frostman’s theorem (see, e.g., mm 
[13]), it suffices to show that there exists a probabilty measure // G Ai^[B, B{Bf) with 
hnite s-energy. To be more precise, if there exists p, G Ai^[B,B{B)) with 


( 2 . 1 ) 


G(/i) < oo 


for some s > 0, then we have dimy^B > s (see also [T8l Theorem 4.27]). If we 
consider the random graph Gx([0,l]'^) = {(x,X(x)) : x G [0,1]'^} of a random held 
{X(x) : X G R'^} over the unit cube, a typical choice of a (random) probabilty measure 

,/€V(‘(.Y([0,1]''),b(x([0,1]'') 

is the occupation measure given by 

Then, by a monotone class argument, it is easy to see that fl2.ip is equivalent to 

|x - y\\^ + |X(x) - X{y)\^)~^dxdy < cx), 
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which almost surely follows from 


( 2 . 2 ) 


f ® 




dxdy < oo. 


2.2. Spectral decomposition. Let A G be a matrix with p distinct positive 
real parts of its eigenvalues 0 < Oi < ... < Up for some p < d. Factor the minimal 
polynomial of A into /i,..., /p, where all roots of fi have real part equal to Oj, and 
define Vi = Ker (/j(y4)). Then, by [171 Theorem 2.1.14], 

R-^* = © . . . © i/p 


is a direct sum decomposition, i.e. we can write any a; G R"^ uniquely as 


X = Xi + . . . + Xp 

for a:j G Vi, 1 < i < p. Further, we can choose an inner product on R'^ such that the 
subspaces Vi,..., 1^ are mutually orthogonal. Throughout this paper, for any x G R'^ 
we will choose ||x|| = {x,x)^^^ as the corresponding Euclidean norm. 


2.3. Polar coordinates. We now recall the results about the change to polar coor¬ 
dinates used in PE]. As before, let A G be a matrix with positive real parts of 

its eigenvalues 0 < Ui < ... < Op for some p < d. According to [71 Section 3], one can 
write any x G R'^ \ {0} uniquely as 

(2.3) X = ta{x)^Ia{x), 

where r^(x) > 0 is called the radial part of x with respect to A and Ia{x) G {x G 
R*^ : ta{x) = 1} is called the direction. It is clear that ta{x) —)■ oo as ||x|| —>■ oo and 
ta{x) —)■ 0 as ||x|| 0. Further, one can extend ta{-) continuously to R'^ by setting 

'L4(0) = 0. Note that, by fl2.3p . it is straightforward to see that ta{-) satishes 

r^(c"^x) = c • ta{x) for all c > 0. 

Such functions are called A-homogeneous. 

Let us recall a result about bounds on the growth rate of r/i(-) in terms of oi,..., Op 
established in [6]. 


Lemma 2.2. Let e > 0 be small enough. Then there exist constants Ki, ..., 1^4 > 0 
such that 
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for all X with ta{x) < 1, and 

—-e —+£ 

-^3||a;||“p ^ ta{x) < K4\\x\\‘^i 

for all X with ta{x) > 1. 

We remark that the bounds on the growth rate of ta{-) have been improved in [TJ 
Proposition 3.3], but the bounds given in Lemma [2.21 suffice for our purposes. 

3. HARMONIZABLE operator scaling random SHEETS 

We consider harmonizable operator scaling stable random sheets dehned in [12] and 
present some related resnlts established in [T 2 |. Most of these will also follow from 
the resnlts derived in | 6 l [7]. Throughout this paper, for j = 1,..., m assume that the 
real parts of the eigenvalues of Ej are given by 0 < < ... < for some pj < dj. 

Let Qj = trace(i?j). Suppose that xjjj : i—)■ [0, cxd) are continuous i^J-homogeneous 

functions, which means according to [HI Dehnition 2 . 6 ] that 

x) = ci/j{x) for all c > 0 . 

Moreover, we assnme that 'ffji^x) 7 ^ 0 for x 7 ^ 0. See [ 6 l [7| for various examples of 
such functions. 

Let 0 < a < 2 and Wa{df) be a complex isotropic symmetric a-stable random 
measure on R'^ with Lebesgue control measure (see [191 diaper 6.3]). 

Theorem 3.1. For any vector x G R'^ /ef x = (xi,..., Xm) G R'^^ x ... x R'^™ = R"^. 
The random field 

P m 

(3.1) X„(x) = Re/ x e R" 

exists and is stochastically continuous if and only if Hj G (0, a\) for a// j = 1,..., m. 

Proof. This result has been proven in detail in [12], bnt it also follows as an easy 
consequence of [ 6 l Theorem 4.1]. By the dehnition of stable integrals (see [T9]). 
Xa{x) exists if and only if 
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but this is equivalent to 

Ti{x) = f < oo, 

jRh 

for all j = 1,..., m. Since, in [6l Theorem 4.1], it is shown that T^^{x) is hnite if and 
only if Hj G (0,a{) the statement follows. The stochastic continuity can be deduced 
similarly as a consequence of [6l Theorem 4.1]. □ 

Note that from (El) it follows that Xo,{x) = 0 for all x = (xi,..., Xm) G x 
... X such that Xj = 0 for at least one j G {1,..., m}. 

The following result has been established in [121 Corollary 4.2.1]. The proof is 
carried out as the proof of [6l Corollary 4.2 (a)] via characteristic functions of stable 
integrals and by noting that c^^x = (xi,..., Xj_i, c^^Xj,Xj+i ,..., x^) for all c > 0 
and X = (xi,..., Xm) G x ... x = W^. 

Corollary 3.2. Under the conditions of Theorem \3.1[ the random field {Xa{x) : x G 
is operator scaling in the sense of (11.21) . that is, for any c > 0 

(3.2) {X(c®^x) : X G =’ {c^iX{x) : x G M'^}. 

As we shall see below, fractional Brownian sheets fall into the class of random helds 
given by fl3.ip . It is known that a fractional Brownian sheet does not have stationary 
increments. Thus, in general, a random field given by fl3.ip does not possess stationary 
increments. But it satishes a slightly weaker property, as the following statement 
shows. 

Corollary 3.3. Let x = (xi,..., Xm) G x ... x Under the conditions of 

Theorem, \3.1[ for any h G R'^-’', j = l,...,m the random field {^^(x) : x G R'^} 
satisfies 

Xq,(^Xi, • • • 5 Xj—\, Xj T h, Xjj,.\, • • • 1 Xyo) Xq,(^Xi , • • • , Xj—\, h, Xj-^\, • • • ■> Xrn) 

Xa (,Xi, , Xj—i, h, Xj-^-l , . . . , Xm) j 

where = means equality in distribution. 


Proof. This result has been established in [T^ Corollary 4.2.2] and is proven similarly 
to [6l Corollary 4.2 (b)]. □ 
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As in m, Hoffmann na is looking for global and directional Holder exponents of 
the random fields defined in fl3.ip . In this paper, we will derive global Holder critical 
exponents. Following [H Dehnition 5], /? G (0,1) is said to be the Holder critical 
exponent of the random field {X{x) : x G M"^}, if there exists a modification X* of X 
such that for any s G (0, /?) the sample paths of X* satisfy almost surely a uniform 
Holder condition of order s on any compact set I C i.e. there exists a positive 
and finite random variable Z such that almost surely 

(3.3) |X*(a;) - X*{y)\ < Z||x - yr for all x,y e I, 

whereas, for any s G (/5,1), fl3.3l) almost surely fails. 

In order to derive the condition (13.31) . Hoffmann [12] proposes the following dehni¬ 
tion. 

Definition 3.4. Let the conditions of Theorem 13.11 hold and £x w = (ui,... ,Um) G 
X ... X = R'^. For all j = 1,..., m define the random held {X^'^{x) : x G R"^^'} 
as 

(3.4) X^a'^ix) = Xo,{ui,... ,Uj_i,x,Uj+i, .. .,Um),x G R'^L 

Note that the random helds X^^ dehned in fl3.4p depend on the vector u = 
{ui, ..., Um) e R"^^ X ... X R"^"*, and if Wj = 0 for at least one f G {1,..., m}, i ^ j, by 
(13. Ij) . one ends up with the trivial random held given by Xi’“(x) = 0 for all x G R'^-’ . 
Moreover, by Corollarv l3.21 X^"^ is operator scaling in the sense of fll.ip for the matrix 
Ej and the exponent Hj, since for all c > 0 

{XL“(c®^x) : a: G R'^^} 

=^' {X„(c®^ (ui, . . . , Uj_i, X, Mj+i, ..., Um)) : X G R'^^'} 

=• {c^^Xc,{ui, ..., Uj-i, X, Uj+i,Um) ■ X G R'^"'} 
drf- {c^jX3>(x) : X G R^^}. 

Further, by Corollary 13.31 one can show that X^"^ has stationary increments, i.e. for 
any h G R'^-’' 

{X^’“(x + h)- Pf{h) : X G R'^^ } =■ {X;^’“(x) : x G R'^^ }. 

In addition, as a consequence of Theorem 13.11 one also obtains that 
f^’“(x) := E[X^’“(x)] < cx) for all x G R^b 
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and, in particnlar, there exists 0 < M < oo snch that r^’“(a:) < M for all x G 
with T^ {x) = 1. Thns, the random helds dehned in fl3.4p satisfy all the properties 
that are used in |6l [7] in order to determine conditions of the form fl3.3p . Using all 
this properties Hoffmann [12] carried this out in detail and derived Holder exponents 
for the random helds in fl3.4p . More precisely, he showed the following. 

Lemma 3.5. Assume that the conditions of Theorem \3.1\ hold and let X^'^{x) be 
defined as in Definition \3.4\ Then there exist a positive and finite random variable Zj 
and a continuous modification of Xffi{x) such that for any s G (0,-^) the uniform 
Holder condition (I3.3p holds almost surely. 


As an easy consequence of Lemma [3751 Hoffmann [T2| obtained the following result. 


Corollary 3.6. Under the assumptions of Theorem \3.1[ there exist a positive and 
finite random variable Z and a continuous modification of X^ such that for any s G 
(0,mini<j<m -^) the uniform Holder condition 03.31) holds almost surely. 

ap. 

Proof. For j = 1,... ,m, let be as in 03.4p and 0 < s < mini<j<m Then, 

%■ 

by Lemma 13.51 there exist positive and hnite random variables Zi,..., Z^ such that 
03.31) holds almost surely for any j = 1,... ,m and any continuous modihcation of 
Then the statement easily follows, by noting that the inequality 


\Xa{x)-XM\ 

m 

< E I Xq^ , . . . , , Xi, yi +\) ■ ■ ■ ) ?/m) X(y , . . . , Xi—i , yi., Vi+l :■■■■: ym) \ 

i=l 

holds for all x = {xi,... ,Xm) and y = {yi,... ,ym) G x ... x with the 
convention that 

Xq.(^Xi, ..., yi, ..., 2/m) ^a(.y') 


for i = 1 and 

... , 2/2^1,..., 2 /m) A^q,(x) 

for i = m. □ 


We remark that Corollary 13.61 is not a statement about critical Holder exponents. 
However, as a consequence of Theorem 14.11 below, we will see that any continuous 
version of X^ admits mini<j<m as the critical exponent. 

ap. 
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4. Hausdorff dimension 

We now state our main result on the Hausdorff and box-counting dimension of the 
graph of Xa defined in flS.ip . 

Theorem 4.1. Suppose that the conditions of Theorem 1,9.11 hold. Then, for any 
continuous version of X^, almost surely 

(4.1) dim^Gx„([0,l]'^) = dimBG'x„([0,l]'^) = d+1 - min 

l<J<m aj,. 

where, as above, 

GA-.(|0.11") = {(a:.X.,(a:)):a:e|0,l]''} 

is the graph of X^ over [ 0 , 1 ]'^. 

Proof. Let us choose a continuous version of X^ by Corollary 13.61 From Corollary 
13.61 for any 0 < s < mini<j<m the sample paths of X^ satisfy almost surely a 
uniform Holder condition of order s on [0,1]*^. Thus, by Lemma [2.11 we have 
dim-H Gxc ([0,1]"*) = dim^Gx^ ([0,1]'^) <d+l-s, a.s. 

Letting s f mini<j<m - 7 ^ along rational numbers yields the upper bound in fl4.ip . 

°-pj 

It remains to prove the lower bound in fl4.ip . Since the inequality 

dimgH > dim^ B 

holds for any H C (see [101 Chapter 3.1]), it suffices to show 

H 

dim^Gx,,([ 0 ,l]'^) > d-Fl - min a.s. 

i<j<m 

Further, note that, since Q = [|, 1]'^ C [0,1]^, we have 

dim^ Gx„([0,1]'^) > dim^ GxAQ) 

by monotonicity of the Hausdorff dimension. Thus, it is even enough to show that 

H 

(4.2) dim-H Gxc(Q) > d-h 1 - min —f, a.s. 

i<j<m a!p. 

We will show this by combining the methods used in [3l [ 6 l [7] . From now on, without 
loss of generality, we will assume that 

. H, Hi 
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Let 7 > 1. According to fl2.2p . it suffices to show that 




E 


'QxQ 


X - yiP + \Xa{x) - X^{y)\‘^) 


7 ' 

2^-i 


dxdy < oo 


in order to obtain dim^ Gx^ (Q) > 7 almost surely. 

Using the characteristic function of the symmetric a-stable random held Xa, as in 
the proof of [3 Proposition 5.7], it can be shown that there is a constant Ci > 0 such 
that 


(4.3) 

where 


Ij < Cl 


x-y\\^ ^{x,y)dxdy, 


'QxQ 


Cr[ 


‘-QfVi/y ||a* 


ix,y)=E[\X^{x)-XMrV = \\Xaix)-X^ 

Using the notation x = (xi,..., Xm) G x ... x for any vector x G R'^ dehne 
(4.4) hUz = {(x, 1 /) e g X g : Xi ^ 2 / 1 , 2-'-' < \\x - y\\ < 2“'} 

for all / G Mq. Then, using (14.31) and (14.dh we obtain 

OO « 

I-y < / ||x — 2 /||^“'^(T“^(x, 2/)(ixd2/ 

Jw, 


< 


Cl 


1=0 

OO 


/ 2 C(j ^(^x,y)dxdy. 

“ 1=0 

Therefore, the proof of the lower bound in Theorem 14.11 follows from the following 
Proposition, by letting £ 0. □ 

Proposition 4.2. Let e > 0 be small enough. Then, for all j ^ (1, d + 1 — ^ — e) 
we have 




OO „ 

^2'(7-i) / a-^{x,y)dxdy 
1=0 


< oo. 


We will need several results in order to prove Proposition l4.21 The following Lemma 
(and its proof) can be seen as a generalization of [3], Lemma 3.5]. 


Lemma 4.3. For any x G R'^, let x = (xi,... ,Xm) G R'^^ x ... x R'^™-. Then there 
exists a constant Us > 0 such that for all jd G (0,1) and for all I E No we have 


|xi - yi\\ ^dxi... dxmdyi... dy^ < C 3 ■ 2 


'Wi 
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Proof. Define 

G\ = {(s,t) e [0, X [0,1]'^"' : ||s - t\\ < 2"'} 

for all I G No and j = 1, ... ,m. Then it follows from fl4.4|) that for any (x, y) G 
X = (xi, ... x^), 1 / = (i/i, ..., i/m) G X ... X we have 

m 

i=i 

From this, we obtain 


(4.5) 


||xi - yiW ^dxi... dx„,dyi ...dyr. 


'Wi 




dxjdyj. 


By applying Fubini’s Theorem and the inequaliy 


\u — V 


\-y 


< 


Ui - Vi 


-d 


for any vectors u = {ui,... ,Udf) and v = {vi,... ,Vdf) G if is easy to see that 
there are constants c, c' > 0 such that 


(4.6) 

and 


I ||xi - yi\\ ^dxidyi < c ■ (2 
Gj 


(4.7) [ dxjdVj < c' ■ {2-Y^ 

JgI 

for all j = 2,... ,m. Combining fl4.5l) . fl4.6p and fl4.7l) yields the statement of the 
Lemma. □ 


The following Theorem is crucial for proving Proposition 14.21 and its proof is based 
on [211 Theorem 1]. See also [^ [23l l24] . 

Theorem 4.4. There exists a constant C 4 > 0, depending on Hi,..., Hm, qi,... ,qm 
and d only, such that for all x = (xi,.. . Xm), V = {vi, ■ ■ ■ ym) G [|, 1)*^^ x ... x [|, 1)'^’" 
we have 

(T{x,y) > Ci ■ rg^(xi - yiY\ 
where radial part with respect to Ei. 
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Proof. Throughout this proof, we fix x = (xi,..., Xm), y = ( 2 / 1 , ■■ ■ Vm) £ [|, 1)'^^ x 
... X [|, 1)'^"'. We will show that 

(4.8) o'{x,y)>Cr^^ 

for some constant C > 0 independent of x and y and r = t^^{xi — yi). Without 
loss of generality we will assume that r > 0, since for r = 0 fl4.8p always holds. By 
definition, we have 

m mm 

_ 1) _ - 1)|“ JJ 

j=i j=i j=i 

Now, for every j = 1,... ,m we consider a so-called bump function 6j G 
with values in [0,1] such that 5j(0) = 1 and dj vanishes outside the open ball 

B(K„0) = {ze : Tg^( 2 ) < Kj] 

for 



where £ > 0 is some (sufficiently) small number and are the suitable 

constants derived from Lemma 12.21 corresponding to the matrix Ej. The choice of 
the constant Kj > 0 will be clear later in this proof. Let 5j be the Fourier transform 
of 6j. It can be verified that Sj G C°°(M'^-’') as well and that Sj{Xj) decays rapidly as 
||Aj|| —)■ 00 . By the Fourier inversion formula, we have 

(4.10) 

for all Sj G Let h)’(si) = Then, by a change of variables in fl4.10p . 

for all Si G we obtain 

(4.11) ^-('■•'■>i,(r®"A,)<iA.. 

Jrp 



Using Lemma [2.21 and the fact that 7'^^(-) is Ui-homogeneous, it is straightforward to 
see that T^.(xj) > Kj, r^^((^)^^(xi - yi)) > Ki and r^^((^)^Wi) > Ki. Therefore, 











HAUSDORFF DIMENSION OF OPERATOR SCALING STABLE RANDOM SHEETS 


15 


we have h[(xi) = 0, — ?yi) = 0 and Sj(xj) = 0 for all j = 2,... ,m. Hence, 

combining this with M.lOp and (14.lip it follows that 


I : = 







i=i 


i=i 


1=1 1=2 

m 

= (2x)''(i;(0) - a;(^i)) n 

1=2 

m 

- (2ir)''(A;(ii - Vi) - n (AjAj - Vl) - 




(4.12) 


= (2ir)‘ 


'fQi 


Now, we hrst assume that a > 1 and let /3 > 1 be the constant such that ^ ^ = 1. 

By Holder’s inequality and fl4.9p . we have 


/ < 


n( 

1=1 


gi(x,,Ad _ 1) _ JJ(gh%'Ad - 1)1“ JJ “ 


1=1 


1=1 

m 


- j\Si (r®lA,) H4 


= cr(x, y) • r “ P ■ 
(4.13) = C ■ cr(x, y) ■ , 


(nr., 


where C > 0 is a constant, which only depends on Hi,, Hm, qi,..., Qm, d and 6. 
It is clear that fl4.8p follows from fl4.12p and fl4.13p . If a G (0,1), choose k e N such 
that ka > 1 and let j3' > 1 he the constant such that ^ = 1- We hrst show that 



>N) 

1=1 


m m 

1) _ JJ(gh%AAp _ i)|fc“ JJ |^.(A^.)|-“^A-9irfA) 
1=1 1=1 




1 

ka. 


(4.14) 
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For A = (Ai,..., Xm) e x ... x let 


;(A) = - 1) - - 1) 

i=i i=i 


and note that, since |e** — If = 2 — 2cost < 4 for all t G M, it follows that 

m m 

k(A)| < Yl - 1| + JJ _ i| < 2”^+h 

i=i i=i 


From this, we obtain 




i=i 


{AeR^:f(A)|<l} 


< 


'{AGR'^:f(A)|>l} 


{AeR'i:|z(A)|<l} 


m 


J=1 


1 

ka 




i=i 


/ |z(A)|^“+" TT \^PjiXJ)\-'^^i-y^dx 

/{AGRrf:f(A)|>l} fJi 


< (2™+^) 


ka 


j=^ 


1 

ka 


= (2™+i)^“cT(x,i/)i 

Now, nsing (14.14p and Holder’s ineqnality as before we obtain that 


I < 


a l10 lit lit 

I _ 1) _ JJ(eh%,Ad _ 1)|^“ JJ |^^.(A,)|-“^^-®dA 

j=i j=i j=i 


^ y')^ ■ T 

1 


“ i=2 
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(4.15) =C ■ 

where C” > 0 is a constant, which only depends on Hi,..., Qi, ■ ■ ■, Qm, k, a, d and 
6. It is clear that fld.Sp follows from fl4.12p and fl4.15p . This hnishes the proof of the 
Theorem. □ 

We are now able to give a proof to Proposition 14.21 


Proof of Proposition If.SI Following Section 2.2, let Vi,... ,Vp^ denote the 
spectral decomposition of with respect to Ei and let O* = Vi © • • • © 1^ for i < pi. 
We hrst assume that pi = 1. Let C 5 ,Cq,C 7 denote unspecihed positive constants. 
Since pi = 1, by Lemma 12.21 one can hnd a constant K > 0 such that for e > 0 
(small) and ||a:i — yi\\ < 2“^ we have 


-r^-£ 


(4.16) - yi) < ||ti - yi\ 

Finally, using Theorem 14.41 (I4.16P and Lemma [4.31 we obtain 




-hi-7) 


cr 




X, y)dxdy 


z=o 

OO « 

< Cs V 2"'4-7) / _ y^Y^^dxdy 

z=o 

OO 

<a>'2-^4-7), \\xi-yi 
1=0 


1=0 

OO 

<^6 5^2 


Hi 


—e 

n dxdy 


°° -i(l-7+d— 

“pi 


< OO, 


1=0 


since o < d + 1 -© — £. 

“pi 

Now, assume that pi > 2. We will show that 

f u '• —£) 

J -= 'TE^i^i-yi) ^^dxdy < C - 2 , 

Jwi 

for some constant C > 0 and some sufficiently small e > 0 in order to obtain the 
statement of Proposition 14.21 from Theorem 14.41 as above. 

For z = Xi — yi, let us write 2 ; = for some Zp^ G Ip^ and 2:p^-i G Op^_i. 

Note that, since 1^^ and Op^_i are orthogonal in the chosen inner product, we have 
that || 2 :|| < 2“^ implies both || 2 ;pJ| < 2“* and Hzp^.iH < 2~k As before, let Cj,..., Ciq 
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denote unspecified positive constants. By a version of Lemma 12.21 restricted to the 
subspaces Vp^ and respectively, as in the proof of [6l Theorem 5.6], one can find 

a constant K > 0 such that for e > 0 (small) we have 

rE,{z) > K[\\zp^\\>i +||zp,_i||“i j, 

and from this we get 



where the sets Gj are defined as in the proof of Lemma 14.31 Let k = dim Vp^ and 
observe that in the present case we have 1 < A; < di — 1. By using polar coordinates 
for both Vp^ and Opi-i, we get that 

J<C8j J (u^i +v^ j • (2-y-'^i 

The change of variables u = tv and elementary integration yield 


J<C8 


'0 ^0 
_o — I „ 2 




Hi Hi . -I 

^ - T^—e / ^r"+£:\ 


< 6*8 y J n “PI ) t V ^ dtdv ■ (2 ) 

G-‘ dr-i-^-s _ 

= Cs V “PI / t “PI dtdv ■ (2 

Jo Jo 




k -^—£-1 


= ^9(2 


-I 


--^-e+k 


1—1 


dl—l - tli -£ 2^_|_£_fc 

•) “Pi y “pi 


dv ■ (2 


—l\d—di 


'0 


- 1 -e+k 

= Cio{2~^) ^ 

d-2ti —£ 


= C'io(2-0 ^ 


and this finishes the proof of the Proposition. 


□ 


As an immediate consequence of Theorem 14.11 we obtain the following. 
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Corollary 4.5. Let the assumptions of Theorem \S.1\ hold. Then any continuous 
version of admits mini<j<m as the Holder critical exponent. 

ap. 

Remark 4.6. Let a = 2,dj = Ej = 1 for all j = 1,... ,m and consider the fnnction 
for all fj e M. Clearly, tl^j is a homogeneons fnnction and satisfies 
7 ^ 0 for all fj ^ 0. Tims, by Theorem 13.1[ we can dehne 

n d 

X 2 {x) = Re / ^ = (ti, ... ,t,) e M", 

V fJi 

for all 0 < H, < l,j = 1,... ,d and the statement of Theorem 14.11 becomes 
dim^ Gxa ([0,1]^) = dim^ Gxj ([0,1]'^) = d + 1 — min Hj, a.s. 

l<j<d 

Fnrther, np to a mnltiplicative constant, the random held X 2 is a fractional Brownian 
sheet with Hnrst indices Hi,..., Hd (see m)- Thns, Theorem 14.11 can be seen as a 
generalization of [3l Theorem 1.3]. Fnrther, as noted above, for m = 1, d = di and 
E = El = El the random held X^ given by fl3.ll) coincides with the random held in 
[6l Theorem 4.1] and the statement of Theorem 14.11 becomes 

dim^ Gx^ ([0, l]"^) = dim^ Gx, ([0,1]'^) = d+l - a.s. 

Si 

which is the statement of [6l Theorem 5.6] for a = 2 and [3 Proposition 5.7] for 
a G (0, 2). We hnally remark that Theorem 14.II can be proven similarly, if we replace 
[0, l]'^ in fl4.1l) by any other compact cnbe of 
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